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Abstract
Suppose that K is a CW-complex. When we say that a space Y is an absolute co-extensor for K , we mean that K is an absolute
extensor for Y , i.e., that for every closed subset A of Y and any map f :A → K , there exists a map F :Y → K that extends f .
Our main theorem will provide several statements that are equivalent to the condition that whenever K is a CW-complex and
X is a space which is the topological sum of a countable collection of compact metrizable spaces each of which is an absolute
co-extensor for K , then the Stone- ˇCech compactification of X is an absolute co-extensor for K .
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1. Introduction
If K is a CW-complex and X is a space, then one says that K is an absolute extensor for X, or that X is an absolute
co-extensor for K , written XτK , if for each closed subset A of X and map (i.e., continuous function) f :A → K ,
there exists a map F : X → K such that F is an extension of f . Whenever X is a Tychonoff space, then by βX we
shall mean the Stone- ˇCech compactification of X.
Given a CW-complex K and a sequence (Xi) of metrizable compacta such that XiτK for each i ∈N, we are going
to explore the problem of when β(
∑{Xi | i ∈ N})τK . We shall relate this to the question of whether there exists a
metrizable compactum Y , YτK , and a map of Y to the Hilbert cube I∞ that lifts embeddings of compacta X into
I∞ whenever XτK . Such a compactum Y would of course be universal for the class of metrizable compacta X with
XτK , but it is not known in general if such universal compacta exist in any form whatsoever.
If the CW-complex K is finite or even finitely (homotopy) dominated, then the question indicated in the previous
paragraph has been answered. Lemma 1.10 of [13] shows that in this case, if Y is a metrizable space and YτK , then
βYτK . Moreover, Corollary 1.9 of [13] implies that there exists a universal metrizable compactum for the extension
theory determined by K . For example, if K = Sn, then dimY  n if and only if YτSn, and so, the well-known fact that
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the existence of universal metrizable compacta for any given dimension n.
Cohomological dimension dimG with respect to an abelian group G is measured by using an Eilenberg–MacLane
CW-complex K of type K(G,n). In this case, dimG Y  n if and only if YτK . It was proved in [4] that dimZ is not
preserved under Stone- ˇCech compactification. This was carried further in [7,5,12]. Because of the results just cited,
J. Dydak and J. Mogilski (see the Remark at the end of [6]) have conjectured that universal metrizable compacta for
integral cohomological dimension do not exist.
The main result of our paper will be Theorem 7.6. It lists eight equivalent statements, one of which is that whenever
K is a CW-complex and X is a space which is the topological sum of a countable collection of compact metrizable
spaces each of which is an absolute co-extensor for K , then the Stone- ˇCech compactification of X is an absolute
co-extensor for K .
Our Theorem 7.6 is in some ways parallel to Theorems 2.1 of [2] and 2.3 of [10]. But there are major differences.
We shall consider arbitrary CW-complexes and not be restricted to locally finite, countable ones. We are concerned
only with compact metrizable spaces and will therefore not deal with arbitrary Tychonoff spaces or be restricted to
the class of normal spaces for an extension-theoretic approach. Indeed, we shall not couch our result in terms of an
extension-theoretic equivalence class [K] of CW-complexes as in (a)–(e) of Theorem 2.3 of [10],1 but rather will view
this from the simpler perspective of a single CW-complex. Our criterion in part (b) of Theorem 7.6 is stated in a way
that deals only with a discrete sequence of compact subspaces of I∞ and (g) involves only K-embedding-invertibility,
that is, only the lifting of embeddings into I∞ of compacta X, XτK . The specification in (h) appears to be unlike any
in the research preceding this.
Let us point out that in some places our techniques are similar to those that may be found in such references as
[1,2,10], and perhaps others. We are grateful to the referee for pointing out a mistake in the original version of our
paper. Fortunately, a correction could be made so that the main result was not affected.
2. Compactification of a topological sum
Corollary 2.7 is the main outcome of this section. In order to achieve this fact, we shall prove Proposition 2.4. The
idea is to extract a countable unbounded subset (see Definition 2.1) from a possibly uncountable unbounded collection
of maps. The reader will see in its proof how to deal with arbitrary polyhedra, not necessarily those that are locally
finite and countable. The polyhedra will be replaced by arbitrary CW-complexes in Corollary 2.7.
Definition 2.1. Let K be a CW-complex and {Xs | s ∈ S} a collection of Hausdorff compacta. Suppose that we are
given for each s ∈ S, a closed subset As of Xs and a map fs :As → K . We shall say that {fs | s ∈ S} is bounded in K
if there exists a finite subcomplex L0 of K such that each map fs can be extended to a map of Xs into L0. Otherwise
we shall say that {fs | s ∈ S} is unbounded in K .
Important examples of CW-complexes K along with an unbounded collection of maps in K can be extrapolated
from the proof of Theorem 1.5 of [12]. In that proof, the author produces a countably infinite set T and a collection,
{XT |T ∈ T } of metrizable compacta. Each XT has a specified closed subspace ST homeomorphic to S2. It is true
that dimG XT  2 for every abelian group G. In the last paragraph of the proof, select K (designated P there) to be
K(G,2) for any nontrivial abelian group G. Then for each T ∈ T , let fT : ST → K be a map such that fT (ST ) =
fT ′(ST ′) and (fT )∗(H2(ST )) = (fT ′)∗(H2(ST ′)) = 0 for each T , T ′ ∈ T . With this and an examination of the finale
of the proof of Theorem 1.5 in [12], we have:
Proposition 2.2. For every nontrivial abelian group G and K = K(G,2), there exist a countably infinite set S,
collections {Xs | s ∈ S}, {As | s ∈ S}, and {fs | s ∈ S} where for each s ∈ S, Xs is a compact metrizable space with
XsτK , As is a closed subspace of Xs , and fs :As → K is a map, chosen in such a manner that, {fs | s ∈ S} is
unbounded in K .
1 A reader familiar with the notion of extension theory (a succinct description may be found in the Introduction of [8]) will see easily how to restate
Theorem 7.6 in terms of an equivalence class [K](C,T ) when C is the class of compact Hausdorff spaces and T is the class of CW-complexes.
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|K| as a CW-complex whose CW-structure is determined in the usual way by the triangulation K .
Let us repeat Lemma 2.11 of [15].
Lemma 2.3. Let Y be a compact Hausdorff space and X a dense subset of Y . Then for each closed subset A of Y and
neighborhood G of A, there exists a closed neighborhood N of A with N ⊂ G and clY (N ∩X) = N .
Proposition 2.4. Let K be a nonempty simplicial complex, X = {Xt | t ∈ T } a collection of Hausdorff compacta
having the property that Xtτ |K| for each t ∈ T , X =∑X , the topological sum of X , and suppose that βX is not an
absolute co-extensor for |K|. Then there exist a finite subcomplex L of K , a countably infinite subset S of T , a closed
subset As of Xs and map fs :As → |L| for each s ∈ S such that {fs | s ∈ S} is unbounded in |K|.
Proof. Since βX is not an absolute co-extensor for |K| = ∅, there exist a nonempty closed subset A of βX and a map
d :A → |K| such that d does not extend to a map of βX to |K|. We may extend d to a map e :G → |K| where G
is a neighborhood of A. Using Lemma 2.3, find a closed neighborhood N of A with N ⊂ G and clβX(N ∩ X) = N .
Define f = e|N :N → |K|, and since N is compact, select a finite subcomplex L of K with f (N) ⊂ |L|. Note that
A ⊂ N and f |A = e|A = d ; hence f does not extend to a map of βX to |K|.
We claim that f |(N ∩X) does not extend to a map of X into |L0| for any finite subcomplex L0 of K . For suppose
such a map F :X → |L0| exists. Then F extends uniquely to a map G :βX → |L0| ⊂ |K|. Hence G| clβX(N ∩ X) =
G|N = f |N , a contradiction.
For each t ∈ T , let Nt = N ∩ Xt and gt = f |Nt :Nt → |K|. Suppose that for some finite subcomplex L0 of K ,
gt extends to a map g∗t of Xt into |L0| for each t ∈ T . Let G =
∑{g∗t | t ∈ T }. Then G is a map of X to |L0| and
G|(N ∩X) = f |(N ∩X), which is impossible. Hence the following are true:
(F1) The set T1 = {t ∈ T |Nt = ∅} is infinite, and
(F2) For each finite subcomplex L0 of K , there exists t ∈ T1 such that gt does not extend to a map of Xt into |L0|.
Let D be the collection of all finite subcomplexes D of K such that L ⊂ D. Define a relation ∼ on D by declaring
that if D, C ∈D, then D ∼ C if there exists a simplicial isomorphism of D to C which is the identity on L. Plainly ∼
is an equivalence relation on D, and we shall write the equivalence class of an element D of D under the relation ∼
as [D]. Observe that the quotient set D∼ =D/ ∼ is a countable set. Let q :D→D∼ be the quotient function.
For each t ∈ T1, let Et be the set of all D ∈ D such that L ⊂ D and gt extends to a map of Xt into |D|. Put
E∼t = q(Et ); E∼t is countable since it is a subset of D∼.
We claim that,
(F3) ⋂{E∼t | t ∈ T1} = ∅.
Suppose on the contrary that [D] lies in the intersection indicated in (F3). Fix t ∈ T1, and let E ∈ Et be chosen so
that [E] = [D]. Then gt extends to a map of Xt into |E|. By the definition of ∼, one sees that gt also extends to a map
of Xt into |D|. This shows that for all t ∈ T1, gt extends to a map of Xt into |D|. But D is a finite subcomplex of K ,
so this cannot happen because of (F2).
Since each E∼t is countable and T1 is infinite, then an application of (F3) shows that for some countably infinite set
S ⊂ T1,
(F4) ⋂{E∼s | s ∈ S} = ∅.
For each s ∈ S, let As = N ∩Xs and fs = f |As :As → |K|. Suppose that there is a finite subcomplex L0 of K and
for each s ∈ S, fs extends to a map of Xs to |L0|. We may as well assume that L ⊂ L0. But then [L0] ∈ E∼s for each
s ∈ S, a contradiction of (F4). 
For the next corollary, it is worth recalling the following fact. Suppose that X is a normal space and X0 is a closed
subspace of X. Then clβX X0 is equivalent to βX0 in the sense that there is a homeomorphism h : clβX X0 → βX0
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X0 into βX0, then for each x ∈ X0, h ◦ j (x) = k(x). We shall, with this understanding, identify clβX X0 with βX0.
Corollary 2.5. Let K be a nonempty simplicial complex, X = {Xt | t ∈ T } a collection of Hausdorff compacta having
the property that XtτK for each t ∈ T , and X =∑X the topological sum of X . Suppose that βX is not an absolute
co-extensor for |K|. Then for some countably infinite subset S ⊂ T , and with Y =∑{Xt | t ∈ S}, βY is not an absolute
co-extensor for |K|.
Proof. Let S,L, and {fs | s ∈ S} be as in Proposition 2.4 and put Y =∑{Xs | s ∈ S}. Surely Y is a closed subset of X.
Let fY =∑{fs | s ∈ S}. This map fY could not extend to a map of clβX Y = βY . For such an extension would have
its image in |L0| for some finite subcomplex L0 of K , which would show that {fs | s ∈ S} is bounded in |K|. This is
not possible because of Proposition 2.4. Therefore βY is not an absolute co-extensor for |K|. 
Since every CW-complex K is homotopy equivalent to some |L|, and compact Hausdorff spaces have the homotopy
extension property with respect to CW-complexes, then we shall always be able to apply the following fact.
Lemma 2.6. Let K be a CW-complex, L a simplicial complex such that |L| is homotopy equivalent to K , and X a
compact Hausdorff space. Then XτK if and only if Xτ |L|.
For any Tychonoff space X, βX is a compact Hausdorff space. So we have the next corollary.
Corollary 2.7. Let K be a nonempty CW-complex, X = {Xt | t ∈ T } a collection of Hausdorff compacta having the
property that XtτK for each t ∈ T , and X =∑X , the topological sum of X . Suppose that βX is not an absolute
co-extensor for K . Then for some countably infinite subset S ⊂ T , and with Y =∑{Xt | t ∈ S}, βY is not an absolute
co-extensor for K .
3. Projections that embed
We shall use I to denote the unit interval [0,1]. For each infinite set T , IT will denote the associated Tychonoff
cube, although we shall also write I∞ for the Hilbert cube. For any S ⊂ T , we shall use pS : IT → IS to denote the
coordinate projection.
Proposition 3.1. Let T be an infinite set and X a second countable subset of the Tychonoff cube IT . Then there exists
a countably infinite subset T1 ⊂ T such that for all R with T1 ⊂ R ⊂ T , pR|X :X → IR is an embedding.
Proof. In case either X = ∅ or X is singleton, choose T1 to be an arbitrary countably infinite subset of T . Assume
now that cardX > 1. Let B = (X × X) \ Δ, where Δ is the diagonal of X × X. Since X is second countable, then so
is X ×X, and hence so is B . We infer then that B is a Lindelöf space.
Suppose that b = (x, y) ∈ B . Then there is tb ∈ T such that ptb (x) = ptb (y). We may choose disjoint open neigh-
borhoods Ub of ptb (x), Vb of ptb (y) in I . Put Qb = p−1tb (Ub) and Sb = p−1tb (Vb). One then sees that,
Qb ∩ Sb = ∅
and that
b ∈ Qb × Sb.
Clearly, {Qb × Sb |b ∈ B} is a cover of B by sets open in IT . So the Lindelöf property of B implies that there
exists a countable subset B0 ⊂ B such that {Qb × Sb |b ∈ B0} covers B . Let T0 = {tb |b ∈ B0}. Then T0 is a countable
set.
Suppose that T0 ⊂ R ⊂ T and let x, y ∈ X, x = y. Then of course (x, y) ∈ B , so there exists b ∈ B0 with (x, y) ∈
Qb ×Sb. Obviously, ptb (x) ∈ ptb (Qb) ⊂ Ub and similarly, ptb (y) ∈ Vb . Thus ptb (x) = ptb (y), so pR(x) = pR(y). Our
argument shows that pR|X :X → IR is an injective map. We can say even more. Suppose that {r1, . . . , rk} is a distinct
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(⋂k
j=1 p−1rj (Uj ) ∩ X
)=(⋂k
j=1(Uj × IR\{rj })
)∩ pR(X).
Using the fact that X is second countable, find a countably infinite subset T1 ⊂ T , T0 ⊂ T1, such that,{
p−1r (U)∩X |U open in I, r ∈ T1
}
is a subbase for the topology of X. From the previous paragraph and this, one sees that if T1 ⊂ R ⊂ T , then
pR|X :X → pR(X) ⊂ IR is an open injective map and hence is a homeomorphism. 
4. Lemma on lifting
Let Y = (Yα, qβα ,Γ ) and Z = (Zα,pβα ,Γ ) be inverse systems of spaces. Recall that a map ψ = (ψα)α∈Γ : Y → Z is
called a level map if for each α ∈ Γ , ψα :Yα → Zα and, of course, if α  β , then ψα ◦qβα = pβα ◦ψβ . We shall show that
under certain conditions, the inclusion map of a subspace X of lim Z can be lifted by the map limψ : lim Y → lim Z.
Lemma 4.1. Let Y = (Yα, qβα ,Γ ), Z = (Zα,pβα ,Γ ), be inverse systems of spaces and ψ = (ψα)α∈Γ : Y → Z a level
map of Y to Z. Put Y = lim Y, Z = lim Z, and ψ = limψ : Y → Z. Suppose that X ⊂ Z and that for some γ ∈ Γ ,
pα|X :X → Zα is an embedding for each γ  α. Moreover, assume that for each α ∈ Γ , there is a map φα :pα(X) →
Yα such that ψα ◦ φα is the inclusion of pα(X) into Zα and that for α  β and c ∈ pβ(X), φα ◦ pβα (c) = qβα ◦ φβ(c).
Then there exists a map φ :X → Y having the property that ψ ◦ φ is the inclusion of X into Z and φα ◦ pα(x) =
qα ◦ φ(x) whenever x ∈ X and α ∈ Γ .
Proof. For each α ∈ Γ , let Xα = pα(X) ⊂ Zα , and if α  β , define sβα = pβα |Xβ :Xβ → Xα . Then X = (Xα, sβα ,Γ )
is an inverse system and lim X ⊃ X.
Suppose that α  β , and c ∈ Xβ . Then for some x ∈ X, c = pβ(x). Applying the hypothesis, one sees that, φα ◦
p
β
α (c) = qβα ◦ φβ(c). This shows that φ = (φα)α∈Γ is a level map of X to Y, and we let φ = limφ|X :X → Y .
Next let x ∈ X be arbitrary. Now ψ ◦ φ = (ψα ◦ φα)α∈Γ , and using the hypothesis, for each α ∈ Γ , pα(x) =
ψα ◦ φα ◦ pα(x). Since lim(ψ ◦ φ) = ψ ◦ φ, then ψ ◦ φ is the inclusion of X into Z. On the other hand, φ(x) =
(φα ◦ pα(x))α∈Γ ∈ Y , so φα ◦ pα(x) = qα ◦ φ(x). 
5. Lifting from a Tychonoff cube
Before stating the main result of this section, Theorem 5.10, let us establish some terminology.
Definition 5.1. Let E be a space and T = (Ti) a sequence of subspaces of E. We shall call T a discrete sequence of
compacta of E if for each i ∈N, Ti is compact and metrizable and {Ti | i ∈N} is a discrete collection of subspaces of⋃{Ti | i ∈N}.
Definition 5.2. Let α be a cardinal, K a CW-complex, and T = (Ti) a discrete sequence of compacta of Iα . We shall
say that T is a K-liftable sequence if there exist a compact Hausdorff space Y of weight at most that of Iα such that
YτK , and maps φ :X =⋃{Ti | i ∈N} → Y and ψ :Y → Iα such that ψ ◦ φ equals the inclusion X ↪→ Iα .
Notation 5.3. Let K be a CW-complex and T = (Ti) a sequence of spaces such that TiτK for all i ∈N. Then we shall
write T τK .
Lemma 5.4. Let D be a metrizable space, (Xi) a discrete sequence of compacta of D, and X =⋃{Xi | i ∈ N} ⊂ D.
Suppose that Y is a Hausdorff space, φ :X → Y , ψ :Y → D are maps, and ψ ◦ φ equals the inclusion X ↪→ D. Then
φ is an embedding of X into Y , so (φ(Xi)) is a discrete sequence of compacta of Y .
Definition 5.5. Let Y = (Yα,pβα ,μ) be an inverse system whose directed indexing set is an ordinal μ. Then we shall
refer to Y as a well-ordered inverse system. If μ = 0, then of course μ = ∅ and we refer to Y as the null inverse
system. In this case, the collection of coordinate spaces is empty as is the set of bonding maps.
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Then we say that X is an extension of Y, or Y is the restriction of X, if for each α < μ1, Yα = Xα , and if α  β < μ1,
then sβα = rβα .
Lemma 5.7. Suppose that μ is a limit ordinal and for each ordinal μ1 < μ, Yμ1 = (Yα, qβα ,μ1 + 1) is a desig-
nated well-ordered inverse system. Assume further that if μ1 < μ2 < μ, then Yμ1 is the restriction of Yμ2 . Then
Yμ = (Yα, qβα ,μ) is a well-ordered inverse system and is uniquely determined by {Yμ1 |μ1 < μ}, where for each
α < μ, Yα is the α-coordinate space of Yα+1, and if α  β < μ, then qβα is the bonding map of Yβ to Yα in Yβ+1.
To avoid difficulties with the “trivial” case, we introduce the next lemma.
Lemma 5.8. Let K be the empty CW-complex and X a space. Then XτK if and only if X = ∅.
Corollary 2.3 of [14] implies the following, which we shall soon apply.
Proposition 5.9. Let K be a CW-complex, Y an inverse system of compact Hausdorff spaces each of which is an
absolute co-extensor for K , and Y = lim Y. Then YτK .
Theorem 5.10. Let K be a CW-complex and suppose that every discrete sequence T = (Ti) of compacta of I∞ with
T τK is K-liftable. Then for each infinite ordinal μ, every discrete sequence T = (Ti) of compacta of Iμ with T τK ,
is K-liftable.
Proof. If K = ∅, then an application of Lemma 5.8 shows that the theorem is true. Hence we assume that K = ∅.
There is a well-ordered inverse system Iμ = (Iα,pβα ,μ) of Tychonoff cubes Iα for which lim Iμ may be identified
with Iμ. We understand here that for any limit ordinal σ < μ, Iσ equals the limit of the well-ordered inverse system,
(Iα,p
β
α , σ ), and for α < σ , pσα = pα : Iσ → Iα , the α-coordinate projection.
Let T = (Ti) be a discrete sequence of compacta of Iμ and XT =⋃{Ti | i ∈N} ⊂ Iμ. By applying Proposition 3.1,
we may assume that for all ℵ0  α < μ, pα|XT :XT → Iα is an embedding. Consider the following statement for an
ordinal β .
(Sβ ) Every discrete sequence T = (Ti) of compacta of Iβ with T τK is K-liftable.
By hypothesis (Sℵ0 ) is true. Proceeding inductively, let us assume that ℵ0 < μ and (Sβ ) is true for each ℵ0  β < μ.
For all ℵ0  β < μ, let Xβ = pβ(XT ) and for i ∈ N, Tβ,i = pβ(Ti). Select arbitrarily x∗ = (xα) ∈ Iμ and define
Xα = {xα} for α < ℵ0. In the inverse system Iμ, let us replace Iα by {xα} precisely when α < ℵ0 and adjust the
bonding maps pβα for α < ℵ0 so that they are now constant maps. To conserve notation, let us denote this new inverse
system Iμ as before. In this way we may still assume that lim Iμ = Iμ, T = (Ti) is a discrete sequence of compacta
of Iμ, XT =⋃{Ti | i ∈N} ⊂ Iμ, and pα|XT :XT → Iα is an embedding for all ℵ0  α < μ.
For all 0  α < ℵ0, let Yα = {yα}, an arbitrary singleton space. Applying (Sℵ0 ), let Yℵ0 be a compact Hausdorff
space whose weight is less than or equal that of Iℵ0 (i.e., a compact metrizable space), so that Yℵ0τK and there exist
maps φℵ0 :Xℵ0 → Yℵ0 , ψℵ0 :Yℵ0 → Iℵ0 having the property that ψℵ0 ◦ φℵ0 :Xℵ0 → Iℵ0 is the inclusion. Put Yℵ0 =
(Yα, q
β
α ,ℵ0 +1), the only possible well-ordered inverse system with the given coordinate spaces. Define φα :Xα → Yα
and ψα :Yα → Xα to be the constant maps when 0 α < ℵ0.
Now we are going to make another inductive statement. Suppose that ℵ0 < σ  μ and for each 0 τ < σ we have
determined a well-ordered inverse system Yτ = (Yα, qβα , τ + 1) enjoying the property that,
(A1) whenever 0 τ  ρ < σ , then Yτ is the restriction of Yρ .
We stipulate moreover that for each 0 α < σ , we have determined maps φα :Xα → Yα , ψα :Yα → Iα so that:
(A2) Yα is a compact Hausdorff space whose weight is at most that of Iα ,
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(A4) ψα ◦ qβα = pβα ◦ψβ whenever α  β < σ ,
(A5) ψα ◦ φα equals the inclusion Xα ↪→ Iα , and
(A6) φα(Xα) is dense in Yα .
Observe that the preceding construction of Yℵ0 shows that all this is true for σ = ℵ0 +1. As usual we shall consider
two cases. First, suppose that σ = τ + 1, i.e., that σ is not a limit ordinal. We examine the two maps, ψτ :Yτ → I τ
and pστ : Iσ → I τ . These maps determine a pullback E ⊂ Yτ × Iσ and the associated maps say e1 :E → Yτ and
e2 :E → Iσ which respectively project E into its first and second coordinates. Observe that E is closed in Yτ × Iσ .
For each i ∈ N, put T̂τ,i = φτ (Tτ,i ) ⊂ Yτ . Since ψτ ◦ φτ |Tτ,i equals the inclusion Tτ,i ↪→ I τ , then φτ embeds Tτ,i
onto T̂τ,i and ψτ embeds T̂τ,i onto Tτ,i . Now pστ carries Tσ,i topologically onto Tτ,i , so there is a canonical copy
T +i of Ti lying in E. Moreover, e1 carries T
+
i topologically onto T̂τ,i , e2 carries T
+
i topologically onto Tσ,i , and
ψτ ◦ e1|T +i = pστ ◦ e2|T +i :T +i → Tτ,i . Let gi :Tσ,i → T +i be the homeomorphism having the property that e2 ◦ gi
equals the identity on Tσ,i .
Put T + = (T +i ) and XT + =
⋃{T +i | i ∈ N}. Then the map g =
⋃{gi | i ∈ N} :Xσ → E is such that e2 ◦ g is the
inclusion of Xσ ↪→ Iσ . So from Lemma 5.4 it follows that g is an embedding and hence that T + is a discrete sequence
of compacta of E. Note that we may denote g as, g : Xσ → XT + .
Since the weight of Yτ is at most that of I τ which is the same as that of Iσ , then Yτ × Iσ embeds in I τ . Applying
(Sτ ), there exist a compact Hausdorff space Yσ whose weight is at most that of Iσ , with Yσ τK and maps ψT + : Yσ →
Yτ × Iσ , φT + : XT + → Yσ such that φT +(XT +) is dense in Yσ and ψT + ◦ φT + equals the inclusion XT + ↪→ Yτ × Iσ .
Since φT +(XT +) is dense in Yσ , ψT + ◦ φT +(XT +) = XT + ⊂ E, and E is closed in Yτ × Iσ , then ψT +(Yσ ) ⊂ E. We
define ψσ = e2 ◦ ψT + :Yσ → Iσ and φσ = φT + ◦ g :Xσ → Yσ . It is now routine to check that φσ (Xσ ) is dense in Yσ
and that ψσ ◦ φσ equals the inclusion Xσ ↪→ Iσ . Let us also define qστ = e1 ◦ ψT + :Yσ → Yτ . One may check that
ψτ ◦ qστ = pστ ◦ ψσ . Of course if 0  α < σ , then we put qσα = qτα ◦ qστ and Yσ = (Yα, qβα , σ + 1). The properties
(A1)–(A6) are manifest.
If σ is a limit ordinal, put Zσ = (Yα, qβα , σ ), the uniquely determined well-ordered inverse system as specified
in Lemma 5.7. Let Yσ = lim Zσ . We define a well-ordered inverse system Yσ to extend all Yτ for τ < σ by putting
Yσ = (Yα, qβα , σ +1). For α  β < σ , qβα is to be taken from Yβ . Of course, qσσ :Yσ → Yσ is the identity map. Finally,
if α < σ , then put qσα = qα : Yσ → Yα , the α-coordinate projection.
From (A2) and our inductive assumption, one sees that for each α < σ , the weight of Yα is at most that of Iα where
α < σ . This shows that the weight of Yσ is at most that of Iσ . Since each of the coordinate spaces of Zσ is compact
and Hausdorff, then so is its inverse limit, Yσ . Hence (A2) is true for this index. We get (A3) from Proposition 5.9.
We want to apply Lemma 4.1 to obtain the maps ψσ and φσ . In that lemma, let us replace Y by Zσ and Z by
Jσ = (Iα,pβα , σ ). Surely lim Jσ = Iσ , and we have the level map ψ = (ψα)α<σ : Zσ → Jσ . This of course determines
the map ψ , which we designate ψσ : Yσ → Iσ .
Next, in Lemma 4.1, we use Xσ as the subspace X of Iσ . It then follows that there is a map φ = φσ :Xσ → Yσ
where ψσ ◦ φσ is the inclusion of Xσ into Iσ . If necessary, we replace Yσ by the closure of φσ (Xσ ) in Yσ so that
φσ (Xσ ) is dense in Yσ . Hence (A5) and (A6) are satisfied.
To check (A4), we have to observe what happens when α  β  σ . Indeed, because of the inductive assumption,
we need only concern ourselves with the case where β = σ . If α = β , then both qβα and pβα are identity maps, and
there is nothing to check. Suppose that α < β = σ . Then qσα = qα , so we have to show that ψα ◦ qα = pα ◦ ψσ . This
is true since ψσ = lim(ψα)α<σ .
Our inductive procedure is complete. We may now proclaim the existence of a well-ordered inverse system Yμ =
(Yα, q
β
α ,μ + 1) and for α  μ, maps φα , ψα so that (A1)–(A6) hold true. Then Yμ and the maps φμ :Xμ → Yμ,
ψμ :Yμ → Iμ meet the conditions (A2), (A3), and (A5). This completes our proof of (Sμ). 
6. Quasi-finite complexes
Let us state a slightly different definition (see Definition 6.2 below) of the notion of a quasi-finite CW-complex
which was introduced, Definition 3.1, in [9], repeated on page 2474 of [10], and further generalized in [11] and [3].
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compared with those given in [9], [10], and [11].
Definition 6.1. Let X be a space and (U,V ) a pair of spaces. We shall say that (U,V ) is X-connected if for each
closed subset A of X and map f :A → V , there exists a map F : X → U that extends f .
Definition 6.2. Let K be a CW-complex and S a class of spaces. We shall say that K is S-quasi-finite if for each
indexed collection X = {Xt | t ∈ T } of elements of S and each finite subcomplex L of K , there exists a finite subcom-
plex L′ of K such that (L∪L′,L) is Xt -connected for each t ∈ T .
Proposition 6.3. Let K be a simplicial complex and S a class of Hausdorff compacta having the property that Xτ |K|
for all X ∈ S . Let T be the class of all indexed sets X = {Xt | t ∈ T } where Xt ∈ S for all t ∈ T ; for each such X , let
X ∗ =∑{Xt | t ∈ T }. Then β(X ∗)τ |K| for all X ∈ T if and only if |K| is X -quasi-finite for each X ∈ T .
Proof. (⇒) Assume that β(X ∗)τ |K| for all X ∈ T . Fix X = {Xt | t ∈ T } ∈ T , and assume that |K| is not X -quasi-
finite. Then there exists a finite subcomplex L of K so that for each finite subcomplex M of K there are tM ∈ T ,
a closed subset AM of XtM and a map fM : AM → |L| that cannot be extended to a map of XtM to |L∪M|.
Let M be the collection of all finite subcomplexes of K . Using the Axiom of Choice, let us form three sets,
{tM |M ∈M}, {AM |M ∈M}, and {fM |M ∈M} where each triple (tM,AM,fM) enjoys the properties indicated
above. Put XM = {XtM |M ∈M}. Thus β(X ∗M)τ |K|. Now
∑{fM |M ∈M} :∑{AM |M ∈M} → |K| is a map
that extends to a map f :A → |K| of the closed subset A = β(∑{AM |M ∈M}) of β(X ∗M). Hence there is a map
F :β(X ∗M) → |K| that extends f . Of course, there is a finite subcomplex M of K such that F(β(X ∗M)) ⊂ |L ∪ M|.
Clearly, F |AM = fM :AM → |L|. But F(XtM ) ⊂ |L∪M| contradicting the fact that fM cannot be extended to a map
of XtM to |L∪M|.
(⇐) For the purpose of reaching a contradiction, suppose that X ∈ T and β(X ∗) is not an absolute co-extensor for
|K|. Let L, S, {As | s ∈ S}, and {fs | s ∈ S} be as guaranteed by Proposition 2.4.
Then for every finite subcomplex L′ of K , there exists s ∈ S such that fs :As → |L| does not extend to a map of
Xs to |L∪L′|. This contradicts the assumption that |K| is X -quasi-finite. 
An application of Lemma 2.6 allows us to state the following consequence of Proposition 6.3.
Corollary 6.4. Let K be a CW-complex and S a class of Hausdorff compacta having the property that XτK for
all X ∈ S . Let T be the class of all indexed sets X = {Xt | t ∈ T } where Xt ∈ S for all t ∈ T ; for each such X , let
X ∗ =∑{Xt | t ∈ T }. Then β(X ∗)τK for all X ∈ T if and only if K is X -quasi-finite for each X ∈ T .
7. Main theorem
For use in Theorem 7.6 below, we need to make the following definition of K-invertibility.
Definition 7.1. Let K be a CW-complex, Y , J spaces, and ψ :Y → J a map. We shall say that:
(1) ψ is K-invertible if for each compact metrizable space X with XτK , and each map h : X → J , there exists a
map h∗ :X → Y such that ψ ◦ h∗ = h;
(2) ψ is K-embedding-invertible if for each compact metrizable space X with XτK , and each embedding h : X → J ,
there exists a map h∗ :X → Y such that ψ ◦ h∗ = h.
Lemma 7.2. Let K be a CW-complex. Then every K-invertible map ψ :Y → J is also K-embedding-invertible.
Lemma 7.3. Let K be a nonempty CW-complex and X a singleton space. Then XτK .
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Corollary 7.4. Let K be a nonempty CW-complex and f :X → Y a map that is K-embedding-invertible. Then f is
surjective.
The next proposition, an enhanced version of the Mardešic´ Factorization Theorem, is a corollary of Theorem 1.1
of [13].
Proposition 7.5. Let K be a CW-complex, X a compact Hausdorff space with XτK , I0 a compact metrizable space,
and f : X → I0 a map. Then there exist a compact metrizable space Y with YτK and maps g :X → Y , ψ :Y → I0
such that ψ ◦ g = f .
Now we present our main theorem.
Theorem 7.6. Let K be a CW-complex. Then the following are equivalent:
(a) For any discrete sequence T = (Xi) of subcompacta of I∞ with XiτK for each i ∈N, β(⋃{Xi | i ∈N})τK .
(b) For any sequence T = (Xi) of metrizable compacta with XiτK for each i ∈N, β(∑{Xi | i ∈N})τK .
(c) For each collection {Xs | s ∈ S} of metrizable compacta with XsτK for each s ∈ S, β(∑{Xs | s ∈ S})τK .
(d) K is S-quasi-finite where S is the class of all metrizable compacta with XτK for all X ∈ S .
(e) There exists a K-invertible map f :X → I∞ where X is a compact Hausdorff space with XτK .
(f) There exists a K-invertible map ψ :Y → I∞ where Y is a compact metrizable space with YτK .
(g) There exists a K-imbedding-invertible map ψ :Y → I∞ where Y is a compact metrizable space with YτK .
(h) For every sequence T = (Xi) of metrizable compacta with XiτK for each i ∈ N, and each embedding
g :
∑{Xi | i ∈ N} → I∞, there exist a metrizable compactum YT with YT τK and maps φ :∑{Xi | i ∈ N} → YT ,
ψ :YT → I∞ such that ψ ◦ φ = g.
Proof. An application of Lemma 5.8 shows that this theorem is true in case K = ∅, so we assume that K = ∅.
(a) ⇒ (b): Simply embed ∑{Xi | i ∈N} in I∞.
(b) ⇒ (c): Apply Corollary 2.7.
(c) ⇒ (d): Apply Corollary 6.4.
(d) ⇒ (e): Let G be the collection of all maps g : Y → I∞ where Y is a compact subspace of I∞ and YτK . For
each g ∈ G, let the domain of g be denoted Yg , put Z =∑{Yg |g ∈ G}, and G =∑G :Z → I∞. Define
X = βZ. By (d), XτK . Let f :X → I∞ be the unique continuous extension of G. Surely f is K-invertible.
(e) ⇒ (f): Get Y and ψ :Y → I∞ by applying the factorization given in Proposition 7.5 to the map f : X → I∞
from (e).
(f) ⇒ (g): This is obvious.
(g) ⇒ (h): This is obvious.
(h) ⇒ (a): Choose a cardinal μ such that for any separable metrizable space X, βX embeds in Iμ. Let T = (Xi) be
a discrete sequence of compacta of I∞ such that T τK . Put XT =⋃{Xi | i ∈ N} =∑{Xi | i ∈ N}. By the
choice of μ we may select an embedding h :βXT → Iμ. For each i ∈ N, let Ui = h(Xi). Then U = (Ui)
is a discrete sequence of compacta of Iμ and UτK . According to Theorem 5.10, U is K-liftable. So there
exist a compact Hausdorff space YT with YT τK , and maps φT :h(XT ) → YT , ψT :YT → Iμ such that
ψT ◦ φT equals the inclusion h(XT ) ↪→ Iμ. We assume without loss of generality that φT ◦ h(XT ) is
dense in YT .
Clearly, ψT (YT ) ⊂ h(βXT ). On the other hand, there exists a map g :h(βXT ) = clIμ(h(XT )) → YT which
extends the map φT . Surely g is a homeomorphism. Therefore βXT is homeomorphic to YT and YT τK ,
so (a) is true. 
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Definition 2.1, Proposition 2.2, and parts (a) and (d) of Theorem 7.6 combine to yield the following fact.
Corollary 8.1. Let G be a nontrivial abelian group, K = K(G,2), and S the class of all compact metrizable spaces
X with XτK (i.e., dimG X  2). Then K is not S-quasi-finite.
This result can be compared with Corollary 2.2 of [11]. Theorem 3.5 of [10] implies the following:
Theorem 8.2. Let L be a countable, locally finite CW-complex, and S the class of all metrizable compacta X
with XτL. If S contains a universal element U such that U is an absolute extensor2 for every Polish space Y with
YτL, then L is S-quasi-finite.
We do not know if this theorem can be extended to arbitrary CW-complexes L and conclude that L is S-quasi-finite.
The proof techniques used in [10] do not make this possibility transparent. Let us phrase this as
Question 8.3. Let L be a CW-complex and S the class of all metrizable compacta X with XτL. If S contains a
universal element U such that U is an absolute extensor for every Polish space Y with YτL, then is L S-quasi-finite?
Finally, let us pose again the question of the existence of universal compacta.
Question 8.4. Let L be a CW-complex and S the class of all metrizable compacta X with XτL. Does S contain an
element U that is universal for S?
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